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Loop Graphs

Introduction

o A loop graph is a pair & = (V, E) where V is a set of
vertices and E is a set of edges.

o Each edge is associated with two vertices (not necessarily
distinct) called its endpoints.

o A loop is an edge whose endpoints are equal.




Loop Graphs

Introduction

o A loop graph is a pair & = (V, E) where V is a set of
vertices and E is a set of edges.

o Each edge is associated with two vertices (not necessarily
distinct) called its endpoints.

o A loop is an edge whose endpoints are equal.

o We'll denote the edge with endpoints v and v by uv.

o All graphs discussed here are finite.




Loop Graphs

Introduction

Examples of Loop Graphs

61 Qj2




Loop Graph from a Real Symmetric Matrix

Introduction

Let A€ R™" with AT = A.

The loop graph G¢(A) = (V, E) is the graph with
o V=1{1,2..n
o E={ij| a5 £0}




Loop Graph from a Real Symmetric Matrix

Introduction
Definition
Let A € R™" with AT = A.

The loop graph G¢(A) = (V, E) is the graph with
o V=1{1,2..n}
S e (5 =)

Example
-1 25 0 2 4
2 01 -3
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5 10 0 = X
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Minimum Rank of a Loop Graph

Introduction

Definition
Given a loop graph &, we define

Su(®) = {AcR™" | AT = A, G(A) = &}




Minimum Rank of a Loop Graph

Introduction

Given a loop graph &, we define

Su(®) = {AcR™" | AT = A, G(A) = &}

v

The minimum rank of a loop graph & is defined to be

mr(®) := min{rank A| A € S)(®)}




Questions Asked

Introduction

Questions Posed

© Given a loop graph &,
o When is mr(®) < 2?7
o When is mr(8) = |G|?
@ Can we determine the minimum rank for certain families
of loop graphs (&, B, €y, etc)?




Definition and Notation

Definition

@ R, is the complete graph on n vertices with all loops

o R is the complete bipartite graph without loops
o U denotes the disjoint union of two graphs

@ V denotes the join of two graphs

Ry R0



Definition and Notation

Definition

Let & be a loop graph. The complement of & is the graph
& = (V,E) where ENE = () and for v;,v; € V if an edge or a
loop vjv; & E, then vjv; € E.
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mr < 2 for simple graphs

Theorem (Barrett, van der Holst, Loewy, 2004)

Let G be a simple graph. The following are equivalent:
QO mr(G) <2
Q G is {Ps, dart, X, K333, P3UK2, 3K, }-free.

Q G = (KyUKs,UKp, . q,U- -+ UKp, q.) V K; for some
nonnegative s1, s2, k, pi, qi, r with p; + q; > 1 for
i=1,... k.

PUK, L a—




mr < 2 for loop graphs

Gio

Set F of forbidden induced subgraphs



mr < 2 for loop graphs

Let & be a loop graph. The following are equivalent:
QO mr(®) <2.

Q & is F-free for the set F of loop graphs

Q S = (ﬁ510ﬁ52o.ﬁphqlo e Uﬁpk,qk) V R, for some
nonnegative S1, 52, k7 Pi,qi, r Wlth Pi + qi 2 1 fOf
i=1,...,k

Q &= (85 V (8pURg) V-V (8, URg,))UR, for some
nonnegative s, S», k, pi, qi, r with p; + q; > 1 for
i=1,..., k.




Sketch of the Proof |

0<0=0=0V



Sketch of the Proof |

0<0=0=0V

Q0=0:
Consider a F-free loop graph &



Sketch of the Proof |

Q0=0=0:Vv

Q0=0:
Consider a F-free loop graph &
& is {P4, dart, X, K373’3, P30K2,3K2}—free

e——=o i e——o Ju —o (o——o §
Co—a) Co—on Co—aD Co—eD
(Co—we § (»—o & O—O 5% (——0e g



Sketch of the Proof Il

The complement of the underlying simple graph of & is
G = (Kle'JKs2L'JKp1,q1L'J T UKPk,CIk) v Kr



Sketch of the Proof Il

The complement of the underlying simple graph of & is
G = (Ks UKy, UKpy iU+ - UKp, q0) V Kr

We do not have to consider the join with K.




Sketch of the Proof Il

9 Do

Complements of the forbidden subgraphs



Generalized Cycles

Definition
A generalized cycle of a loop graph & is a subgraph of & whose
connected components are either loops, single edges, or cycles.




Generalized Cycles

Definition

The order of a generalized cycle is the number of vertices in
the generalized cycle. A generalized cycle of order |®| is said to
be spanning.




Generalized Cycles

Definition

The order of a generalized cycle is the number of vertices in
the generalized cycle. A generalized cycle of order |®| is said to
be spanning.

generalized cycle of order 5 spanning generalized cycle



Generalized Cycles

Given a generalized cycle C, define

e nc(C) := the number of distinct cycles in C, and
o ne(C) := the number of even components of C

For a loop graph &, define

o cyc,(®) := the set of all generalized cycles of order k.




Generalized Cycles

Given a generalized cycle C, define

e nc(C) := the number of distinct cycles in C, and
o ne(C) := the number of even components of C

For a loop graph &, define

o cyc,(®) := the set of all generalized cycles of order k.

nc(C) =1
ne(C) = 2



Permutation Association

With C, we can associate a permutation of the vertices as
follows:

@ For each cycle, fix an orientation and associate the
directed graph cycle (v1, vz, ..., vk) with the cyclic
permutation (vi, va, ... vk).

@ Associate each edge vivy with the 2-cycle (vivp).

@ Associate each loop viv; with the permutation (vy).




Permutation Association

With C, we can associate a permutation of the vertices as
follows:

@ For each cycle, fix an orientation and associate the
directed graph cycle (v1, vz, ..., vk) with the cyclic
permutation (vi, va, ... vk).

@ Associate each edge vivy with the 2-cycle (vivp).

@ Associate each loop viv; with the permutation (vy).

The permutation 7¢ is then defined to be the product of these
associated permutation cycles.




Permutation Association

e = (12)(3)(4567)



Generalized Cycles and Determinant

Theorem (Harary, 1962)

For A = [aj] € S(®), let Sk(A) denote the sum of all k x k
principal minors. Then

Sk(A) = Z (_1)ne(c)2nc(c)ai17rc(i1) <+ Aigme (ix)
Cecyci(Ge(A))




Generalized Cycles and Determinant

Theorem (Harary, 1962)

For A = [aj] € S(®), let Sk(A) denote the sum of all k x k
principal minors. Then

ne(C)~»nc(C
Sk(A) = Z (-1) (€)gnel )ailﬂc(il) <+ Aigme (ix)
Cecyci(Ge(A))
In particular,
det(A) = S,(A) = Y (=1)"2"Oa iy dime (i)

Cecye,(Ge(A)




Auxiliary Result

If p(x1, X2, ..., Xq) is @ nonzero homogeneous polynomial over
R, then there exist nonzero real numbers ci, ¢, ..., cq such that

p(ci, ¢, ..., cq) # 0.




High Minimum Rank Characterization

For every loop graph &, mr(®) = |&| if and only if & has a
unique spanning generalized cycle.

Proof Sketch:

(«<=) Clear.



High Minimum Rank Characterization

(=) Now assume mr(&) = |&].

If & is a loopless, then mr(®) = mro(®) and the result has
been proven.

Otherwise, if & contains a loop uu, we proceed by
contradiction.



High Minimum Rank Characterization

Consider a minimal counterexample $* = (V*, E¥).
For a loop graph $ = (V, E),
Q If [V] < |V* and mr($)) = |V| = $ has a unique
spanning generalized cycle.
Q If V| =1|V¥, |E| < |E*|, and mr($)) = |V| = $ has a
unique spanning generalized cycle.
Cases:
@ uu participates in every spanning generalized cycle.
@ uu participates in no spanning generalized cycle.

© uu participates in the cycle C; but not in Co.



Inverse of 2 x 2 matrices

Schur
Complement
Reduction a b d b
—
cd swap ca

\ mnverse change\ sign

1 (d —b) 1/det (d —b)
£ L bjdet

—¢ a —Cc a



Symbolic Inverse

Schur

Complement
Reduction * *k

inverse change | sign

NS




Symbolic Inverse

Schur
Complement
Reduction

inverse change | sign

* % 1/det * %



Graph Interpretation

Schur
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Schur Complement

Reduction

A A BT\ row2—BAlrowl [ A BT
B D " \O D-BA'BT

e If A is invertible, then
D — BA7'BT is called the Schur complement.

e T'wo matrices have the same rank.



Schur Complement on Graphs

Schur
Complement
Reduction




Schur Complement on Graphs

Schur
Complement
Reduction




Main Lemma




Proof of Main Lemma

scale row 3
S and row 4
Complement

Reduction

% complement

O O == O
O = O O
_ o O O
_ o O = O
O = = O O

O O NN = O
S W DO O =
N O DO DN
wWw o O W o
O W N OO
O O O = O
O OO O =
—_= = O O O
— O = O O
O = = O O

realized by // definition
5— mr(Q) = mr(/ A) =3+42=5



Proof of Main Lemma
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