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1 SO(d)-invariant geometry on I × Sd−1

We are investigating the fixed-point equation

Rµν = ∇µvν +∇νvµ (1.1)

for a Riemannian metric gµν and a vector field vµ on I × S3 both invariant under SO(4).

1.1 I × Sd−1 ⊂ Rd

Consider I × Sd−1 as a spherical shell in Rd with coordinates xµ. The euclidean metric is

δµνdx
µdxµ = dr2 + r2ds2S3 = r2(dτ2 + ds2S3) r =

√
δµνxµxµ r = eτ (1.2)

where ds2
Sd−1 is the SO(d)-invariant metric on the unit (d−1)-sphere.

x̂µ = r−1xµ ∂µr = x̂µ dr = x̂µdx
µ

Pµν = δµν − x̂µx̂ν ∂µx̂ν = r−1Pµν ∂µ(r−1x̂ν) = r−2(Pµν − x̂µx̂ν)

∂τ = xµ∂µ dτ = r−1x̂µdx
µ ∂µτ = r−1x̂µ

∂α = r−1x̂α∂τ on invariant functions

r−2δµνdx
µdxν = dτ2 + ds2Sd−1 dτ2 = r−2x̂µx̂νdx

µdxν ds2Sd−1 = r−2Pµνdx
µdxν

(1.3)

1.2 gµν in conformally flat gauge

The general SO(d)-invariant metric is

gµν(x)dxµdxν = F1(r)
2dr2 + F2(r)

2ds2Sd−1 (1.4)

After a suitable reparametrization r → τ(r) the metric is conformally flat

gµνdx
µdxν = e2f(τ)

(
dτ2 + ds2Sd−1

)
dr

dτ
=
F2

F1
F2(r) = ef(τ)

gµν = e2f(τ)r−2δµν = e2f̃(τ)δµν f̃(τ) = f(τ)− τ

(1.5)

Define
fτ = ∂τf (1.6)

so
∂µf̃ = r−1x̂µ∂τ f̃ ∂τ f̃ = fτ − 1 (1.7)

The covariant derivative is

∇νwµ = ∂νwµ − Γαµνwα

Γαµν = δαµ∂ν f̃ + δαν ∂µf̃ − δµν∂αf̃ = r−1
(
δαµ x̂ν + δαν x̂µ − δµν x̂α

)
∂τ f̃

(1.8)
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1.3 Rµν

The curvature tensor is

Rαµβν = ∂βΓαµν + ΓασβΓσµν − ΓσνβΓαµσ − (β ↔ ν) (1.9)

The Ricci tensor is

Rµν = Rαµαν = −δµν∂α∂αf̃ + (d− 2)
(
−∂µ∂ν f̃ + ∂µf̃∂ν f̃ − δµν∂αf̃∂αf̃

)
= −(d− 1)∂τfτ r

−2x̂µx̂ν −
[
∂τfτ + (d− 2)

(
f2τ − 1

)]
r−2Pµν

Rµνdx
µdxν = −(d− 1)∂τfτ dτ

2 −
[
∂τfτ + (d− 2)

(
f2τ − 1

)]
ds2Sd−1

(1.10)

The scalar curvature is

R = gµνRµν = e−2fr2δµνRµν = −e−2f (d− 1)
[
2∂τfτ + (d− 2)

(
f2τ − 1

)]
(1.11)

The Einstein tensor is

Gµν = Rµν −
1

2
Rgµν

Gµνdx
µdxν =

1

2
(d− 2)(d− 1)

(
f2τ − 1

)
dτ2

+
1

2
(d− 2)

[
2∂τfτ + (d− 3)

(
f2τ − 1

)]
ds2S3

(1.12)

In d = 4 dimensions

Rµνdx
µdxν = −3∂τfτ dτ

2 −
(
∂τfτ + 2f2τ − 2

)
ds2S3

R = −e−2f6
(
∂τfτ + f2τ − 1

)
Gµνdx

µdxν = 3
(
f2τ − 1

)
dτ2 +

(
2∂τfτ + f2τ − 1

)
ds2S3

(1.13)

1.4 ∇µvν +∇νvµ

The general SO(d)-invariant vector field v = vµ(x)∂µ is

vµ∂µ = vτ (τ)∂τ vµ = vτxµ

vµdx
µ = vτdτ vτ = gττv

τ = e2fvτ vµ = vτr
−1x̂µ

(1.14)

Its covariant derivative is

∇µvν = ∂µvν − Γαµνvα = (∂τvτ − fτvτ )r−2x̂µx̂ν + fτvτr
−2Pµν (1.15)

so

(∇µvν +∇νvµ)dxµdxν = (2∂τvτ − 2fτvτ ) dτ2 + 2fτvτ ds
2
Sd−1

2∇σvσ = 2a−2 [∂τvτ + (d− 2)fτvτ ]

(∇µvν +∇νvµ −∇σvσgµν)dxµdxν = (∂τvτ − dfτvτ ) dτ2

− (∂τvτ + (d− 4)fτvτ ) ds2Sd−1

(1.16)

In d = 4 dimensions

(∇µvν +∇νvµ −∇σvσgµν)dxµdxν = (∂τvτ − 4fτvτ ) dτ2 − (∂τvτ ) ds2Sd−1 (1.17)
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2 Rµν = ∇µvν +∇νvµ as ode

The fixed point equation Rµν = ∇µvν +∇νvµ is equivalent to

Gµν = Rµν −
1

2
Rgµν = ∇µvν +∇νvµ −∇σvσgµν (2.1)

In the invariant case, using (1.12) and (1.16), this is

1

2
(d− 2)(d− 1)

(
f2τ − 1

)
= ∂τvτ − dfτvτ

(d− 2)∂τfτ +
1

2
(d− 2)(d− 3)

(
f2τ − 1

)
= −∂τvτ − (d− 4)fτvτ

(2.2)

In d = 4 dimensions
3
(
f2τ − 1

)
= ∂τvτ − 4fτvτ

2∂τfτ +
(
f2τ − 1

)
= −∂τvτ

(2.3)

which is the ordinary differential equation

∂τfτ = −2fτvτ − 2f2τ + 2 ∂τvτ = 4fτvτ + 3f2τ − 3 (2.4)

3 Analytically continue to real time

Analytically continue from conformal euclidean time τ to conformal real time T

e2f
(
dτ2 + ds2Sd−1

)
= e2f

(
−dT 2 + ds2Sd−1

)
τ = iT dτ = idT ∂τ = i−1∂T

df = fτdτ = fTdT fτ = i−1fT vτdτ = vTdT vτ = i−1vT

(3.1)

In co-moving time t

e2f
(
−dT 2 + ds2Sd−1

)
= −dt2 + a2ds2Sd−1

dt = efdT a = ef ∂t = a−1∂T ∂ta = a−1∂Ta = fT
(3.2)

The Hubble parameter H and the deceleration parameter q are

H = a−1∂ta = a−1fT q = − a∂2t a

(∂ta)2
= −∂T fT

f2T
(3.3)

The ode (2.4) becomes in real time

∂T fT = −2fT vT − 2f2T − 2 ∂T vT = 4fT vT + 3f2T + 3 (3.4)

4 Tµν

The fixed point equation Rµν = ∇µvν +∇νvµ is equivalent to Einstein’s equation

Gµν = Rµν −
1

2
Rgµν = 8πGTµν (4.1)
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with energy-momentum tensor

Tµν =
1

8πG
(∇µvν +∇νvµ − gµν∇αvα) (4.2)

given in the invariant case by (1.16)

Tµνdx
µdxν =

1

8πG

[
(∂T vT − 4fT vT ) dT 2 + (∂T vT ) ds2Sd−1

]
(4.3)

This is the energy-momentum tensor of a perfect fluid of density ρ and pressure p

Tµνdx
µdxν = a2(ρ dT 2 + p ds2S3) = ρ dt2 + p a2ds2S3

ρ =
1

8πGa2
(∂T vT − 4fT vT ) p =

1

8πGa2
∂T vT

(4.4)

Using the fixed point equation (2.4)

ρ =
1

8πGa2
(
3f2T + 3

)
p =

1

8πGa2
(
4fT vT + 3f2T + 3

)
(4.5)

The equation-of-state parameter w and the density parameter Ω are

w =
p

ρ
= 1 +

4

3

fT vT
f2T + 1

Ω =
8πGρ

3H2
= 1 +

1

f2T
(4.6)

The conservation law ∇µTµν = 0 in the invariant case is

Tµνdx
µdxν = −a2ρ dτ2 + a2p ds2S3 Tµν = −a2ρ r−2x̂µx̂ν + a2p r−2Pµν

∇µTµν = a−2∂τ (−a2ρ)r−1x̂ν + (−a2ρ)∇µ(r−2x̂µx̂ν) + a2p∇µ(r−2Pµν)
(4.7)

∇µ(r−2Pµν) = −a−2(d− 1)fτr
−1x̂ν

∇µ(r−2δµν) = −2fτr
−3x̂ν

∇µ(r−2x̂µx̂ν) = a−2(d− 3)fτr
−1x̂ν

(4.8)

∇µTµν = a−2r−1x̂ν
[
∂τ (−a2ρ) + (d− 3)fτ (−a2ρ)− (d− 1)fτa

2p
]

= r−1x̂ν [−∂τρ− (d− 1)fτρ− (d− 1)fτp]
(4.9)

So ∇µTµν = 0 is
∂T (a2ρ) + (d− 3)fT (a2ρ) + (d− 1)fTa

2p = 0 (4.10)

or
∂Tρ+ (d− 1)fT (ρ+ p) = 0 (4.11)

5 The constant of motion C

If
∇µvν −∇νvµ = 0 (5.1)

then vµ is a gradient at least locally

vµ = ∂µχ (5.2)

In the SO(d)-invariant case vµ is always a gradient globally, vτ (τ) = ∂τχ.
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When vµ is locally a gradient then

Rµν = ∇µvν +∇νvµ = 2∇µ∇νχ R = 2∇σ∇σχ
∇νRµν = 2∇µ∇ν∇νχ+ 2Rσµ∇σχ = ∇µ (2∇ν∇νχ+ 2∇σχ∇σχ)

0 = ∇ν
(
Rµν −

1

2
gµνR

)
= ∇µ(∇σ∇σχ+ 2∇σχ∇σχ) = ∇µ(∇σvσ + 2vσv

σ)

(5.3)

so there is a constant of motion

C ′ = ∇σvσ + 2vσv
σ = R+ 4vσv

σ ∇µC ′ = 0 (5.4)

For convenience normalize the constant of motion

C =
−2

(d− 1)(d− 2)
(∇σvσ + 2vσv

σ) =
−1

(d− 1)(d− 2)
(R+ 4vσv

σ) (5.5)

In the SO(d)-invariant case

R = −a−2(d− 1)
[
2∂τfτ + (d− 2)

(
f2τ − 1

)]
= −a−2(d− 1)

[
−4fτvτ − (d− 2)

(
f2τ − 1

)]
vσv

σ = a−2v2τ

(5.6)

so

C = a−2
(
−f2τ −

4

d− 2
fτvτ −

4

(d− 1)(d− 2)
v2τ + 1

)
(5.7)

Continued to real time

C = a−2
(
f2T +

4

d− 2
fT vT +

4

(d− 1)(d− 2)
v2T + 1

)
(5.8)

In d = 4 dimensions

C = a−2
(
f2T + 2fT vT +

2

3
v2T + 1

)
(5.9)

6 The C = 0 cosmological solution

Define

h± = fT + β±vT β± = 1± 1√
3

(6.1)

so that
a2C = h+h− + 1 (6.2)

The ode (3.4) is now

∂Th± = −1− h2± + λ±(h+h− + 1) λ± =
β±
β∓

= 2±
√

3 (6.3)

When C = 0 the ode (6.3) becomes

∂Th± = −1− h2± (6.4)

which has the solution
h− = cotT h+ = − tanT (6.5)
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which is unique up to translation and reflection in T . Changing variables back to

fT =

√
3

2
(β+h− − β−h+) vT =

√
3

2
(h+ − h−) (6.6)

the C = 0 solution becomes

fT =

√
3 + 1

2
cotT +

√
3− 1

2
tanT =

cos 2T +
√

3

sin 2T

vT = −
√

3

2
cotT −

√
3

2
tanT =

−
√

3

sin 2T

(6.7)

Integrating ∂T f = fT with constant of integration ln t′0

f = ln t′0 + (1 + ν) ln sinT − ν ln cosT ν =

√
3− 1

2

a = ef = t′0 sin1+ν T cos−ν T

(6.8)

The co-moving time t is

dt = adT
t

t′0
=

∫ T

0
a(T ′) dT ′ =

1

2
Bsin2 T (1 + ν/2, 1/2− ν/2)

t ∈ (0, tmax)
tmax

t′0
=

∫ π
2

0
a(T ′) dT ′ =

1

2
B(1 + ν/2, 1/2− ν/2) = 1.470147 . . .

(6.9)

where B(p, q) is the Euler beta function and Bx(p, q) is the incomplete beta function

Bx(p, q) =

∫ x

0
sp−1(1− s)q−1ds = 2

∫ sin2 θ=x

0
sin2p−1 θ cos2q−1 θ dθ

=
xp

p
F (p, 1− q; p+ 1;x)

B(p, q) = B1(p, q) =
Γ(p)Γ(q)

Γ(p+ q)

(6.10)

F in the second line above is the hypergeometric function 2F1.

7 The cosmological parameters [SNB I-1]

7.1 Formulas for H, q, w, and Ω

Substituting in (3.3)

H = a−1fT =
(
t′0 sin1+ν T cos−ν T

)−1(cos 2T +
√

3

sin 2T

)
=

1

t′0

(
sin−2−ν T cos−1+ν T

) 1

2

(
cos 2T +

√
3
)

=
1

t′0

(
sin−2−ν T cos−1+ν T

) (
cos2 T + ν

)
(7.1)
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q = −f−2T ∂fT = −

(
cos 2T +

√
3

sin 2T

)−2(√
3 + 1

2

−1

sin2 T
+

√
3− 1

2

1

cos2 T

)

=
2
(
1 +
√

3 cos 2T
)(

cos 2T +
√

3
)2 =

√
3 cos2 T − ν

(cos2 T + ν)2

(7.2)

The expansion decelerates (q > 0) for T < Tq=0 then accelerates (q < 0) for Tq=0 < T .

Tq=0 =
arccos(−1/

√
3)

2
=
π − arccos(1/

√
3)

2
=
π − arctan(

√
2)

2
= 0.6959

π

2
(7.3)

Substituting in (7.4) gives formulas for w and Ω

w = 1 +
4

3

fT vT
f2T + 1

= 1 +
4

3

(
cos 2T +

√
3

sin 2T

)(
−
√

3

sin 2T

)1 +

(
cos 2T +

√
3

sin 2T

)2
−1

=
cos 2T

3 cos 2T + 2
√

3

Ω = 1 +
1

f2T
= 1 +

(
sin 2T

cos 2T +
√

3

)2

(7.4)

7.2 Estimate t0 and t′0

Use q0 = −0.60 as the present value of the deceleration parameter. Solve q(T0) = q0
numerically to estimate the present conformal time

T0 = 0.77
π

2
(7.5)

Then calculate the present value of the Hubble parameter by substituting T0 in (7.1) to
fix t′0 in units of the Hubble time tH = H−10

t′0 =
(
sin−2−ν T0 cos−1+ν T0

) (
cos2 T0 + ν

)
tH = 1.1 tH (7.6)

The Hubble time is
tH = 4.55× 1017s = 1.44× 1010y (7.7)

Now t0, tmax, and the present values a0, w0, and Ω0 can be calculated from (6.9), (6.8),
and (7.4)

t0 = 0.73 tH tmax = 1.6 tH a0 = 1.5 tH w0 = −0.61 Ω0 = 1.5 (7.8)

Once a0 is estimated, the redshift can be calculated

z =
a0
a
− 1 (7.9)

In particular, q = 0 at z = 0.18 and T = 1
2T0 at z = 1.69.
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7.3 The limit t→ 0

In the limit T → 0

fT →
1 + ν

T
vT →

−
√

3/2

T

f → (1 + ν) lnT + ln t′0 a→ t′0T
1+ν H → 1 + ν

t′0
T−2−ν

t→ t′0
2 + ν

T 2+ν z → a0
t′0
T−1−ν T →

(
2 + ν

t′0
t

)1/(2+ν)

T →
(
t′0
a0
z

)−1/(1+ν)
(7.10)

a→ t′0

(
2 + ν

t′0

)1/
√
3

t1/
√
3 z → a0

t′0

(
2 + ν

t′0

)−1/√3
t−1/

√
3 H → 1 + ν

2 + ν
t−1

t→
(
a0
t′0

)√3(2 + ν

t′0

)−1
z−
√
3 H →

(
a0
t′0

)−√3(1 + ν

t′0

)
z
√
3

(7.11)

Substituting the estimated values for t′0 and a0

a

tH
→ 1.1T 1.4 t

tH
→ 0.47T 2.4

a

tH
→ 1.7

(
t

tH

).58
z → 0.86

(
t

tH

)−.58
t

tH
→ 0.77 z−1.7

H

H0
→ 0.75 z1.7

(7.12)

7.4 The limit t→ tmax

In the limit T → π
2

fT →
ν

π
2 − T

vT →
−
√

3/2
π
2 − T

f → −ν ln
(π

2
− T

)
+ ln t′′0

a→ t′′0

(π
2
− T

)−ν
t→ tmax −

t′′0
1− ν

(π
2
− T

)1−ν
a→ t′′0

[
(1− ν)

(
tmax − t

t′′0

)]−1/√3
(7.13)

7.5 Table of parameters for selected z values

z H/H0 q w Ω

z � 1 � 1 0.75 z1.7 0.73 0.16 1.0
1000. 120000. 0.73 0.16 1.0
100. 2200. 0.73 0.15 1.0
10. 48. 0.74 0.15 1.0

T = 1
2T0 1.7 4.1 0.74 0.079 1.2

1.0 2.4 0.69 0.021 1.3
q = 0 0.18 1.1 0.00 −0.33 1.5
t = t0 0.00 1.0 −0.60 −0.61 1.5
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7.6 Plot the cosmological parameters
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8 Analysis of the real-time ode continued

8.1 Real-time phase portrait [SNB I-1]
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8.2 Asymptotic behavior of the C 6= 0 solutions

Three asymptotic regions:

1. h+ → ±∞, |h−| ≤ |h+|1−ε

2. h− → ±∞, |h+| ≤ |h−|1−ε

3. h+, h− → ±∞, |h−| ∼ |h+|

In region 1 we can approximate in the ode (6.3)

∂Th+ → −h2+ h+ →
1

T
T → 0±

fT → −
√

3

2
β−h+ →

−ν
T

a2 → a21(T
2)−ν h+h− = −1 + Ca2 → Ca21(T

2)−ν

h− → Ca21(T
2)−νT → 0

(8.1)

In region 2

∂Th− → −h2− h− →
1

T
T → 0±

fT →
√

3

2
β+h− →

1 + ν

T
a2 → a22(T

2)1+ν h+h− = −1 + Ca2 → −1 + Ca22(T
2)1+ν

h+ → −T → 0

∂Th+ → −1− T 2 + λ+Ca
2
2(T

2)1+ν +O(T 3)

h+ → −T −
1

3
T 3 + Ca22(T

2)1+νT +O(T 4)

(8.2)
In region 3 the only asymptotic trajectories are fT → 0, vT → ±∞. The ode (3.4) is
approximated

∂T fT = −2(fT vT + 1) ∂T vT = 4fT vT + 3

fT vT + 1→ 0 ∂T vT → −1

vT → −T fT →
1

T
T → ±∞

(8.3)

In summary, there are three reflection pairs of asymptotic trajectories,

1. T → 0± h+ →
1

T
h− → Ca21(T

2)−νT

2. T → 0± h− →
1

T
h+ → −T −

1

3
T 3 + Ca22(T

2)1+νT

3. T → ±∞ fT →
1

T
vT → −T

(8.4)

Every trajectory asymptotes as type 1 or type 2. Except for the separatrix S and its
reflection S′ every trajectory asymptotes at both ends as type 1 or type 2. S and S′ each
asymptote at one end as type 2.

8.3 Non-analyticity of C 6= 0 solutions

Try to analytically continue to imaginary time, replacing T → e−iθτ with θ ranging from
0 to π/2, fT → eiθfτ , vT → eiθvτ , h± → eiθhE±. The type 1 and 2 asymptotic behaviors
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become

1. τ → 0± hE+ →
1

τ
hE− → e(2ν−2)iθCa21(τ

2)−ντ

2. τ → 0± hE− →
1

τ
hE+ → τ − 1

3
τ3 + e−(2ν+4)iθCa22(T

2)1+ηT

(8.5)

At θ = π/2 this is

1. τ → 0± hE+ →
1

τ
hE− → −eνiπCa21(τ2)−ντ

2. τ → 0± hE− →
1

τ
hE+ → τ − 1

3
τ3 + e−νiπCa22(T

2)1+ηT

(8.6)

but hE± = fτ + β±vτ should be real. So none of the C 6= 0 real-time solutions can be
analytic continuations of euclidean signature solutions.

8.4 Asymptotic behavior of the separatrices S, S ′ [SNB I-1]

The other ends of the separatrices S, S′ have type 3 asymptotic behavior. They have
expansions at large T

T → ±∞ fT =
∑
m=0

fmT
−2m−1 vT = −T +

∑
m′=0

vm′T
−2m′−1 f0 = 1 (8.7)

The coefficients fm, vm′ are determined recursively by the ode (3.4). For m ≥ 0

vm = −2fm +
1

2m+ 1

∑
m′+m′′=m

fm′fm′′

fm+1 = −1

2
(2m+ 1)fm +

∑
m′+m′′=m

fm′ (fm′′ + vm′′)

(8.8)

Numerical calculation for large m gives

−fm
fm−1

,
−vm
vm−1

→ e0.5/mm

(−1)mfm → 0.22m1/2m! (−1)m+1vm → 0.44m1/2m!

(8.9)

so the expansions (8.7) are not convergent.

8.5 Numerical calculation of the invariant cS [SNB I-2]

Calculate
∂Th− = −1− h2− + λ−(h+h− + 1) = −2ν(1 + h−fT ) (8.10)

Re-write using fT = ∂Ta/a and 2ν(1 + ν) = 1

(1 + ν)∂Th− + h−
∂Ta

a
+ +1 = 0 (8.11)

Away from h− = 0 this is

∂T
[
(h2−)1+νa2

]
+

2

h−

[
(h2−)1+νa2

]
= 0 (8.12)
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For the trajectories that behave as h− ∼ T−1 for T → 0 define

s =

∫ T

0

2 dT ′

h−(T ′)
(8.13)

so
∂T
[
(h2−)1+νa2es

]
= 0 (8.14)

so we can define a numerical invariant of the trajectory

c = Ca2(h2−)1+νes = (h+h− + 1)(h2−)1+νes ∂T c = 0 (8.15)

In the limit T → 0
c = lim

T→0
(h+h− + 1)(h2−)1+ν (8.16)

The separatrix S is one such trajectory. Its invariant cS is calculated numerically:

1. Use the large T expansions (8.7) to get a point on S at large T .

2. Numerically integrate the ode backwards to get a point on S with h− � 1.

3. Calculate s as a double expansion s(x, y)

x =
1

h2−
y =

h+h− + 1

h2−
= x+

h+
h−

(8.17)

Substitute s in (8.15) to get cS .

Calculate

∂Th− = −1− h2− + λ−(h+h− + 1)

= −1− x−1 + x−1λ−y

∂Th+ = −1− h2+ + λ+(h+h− + 1) = −1−
(
h−y − h−1−

)2
+ λ+x

−1y

= −1− x−1y2 + 2y − x+ λ+x
−1y

(8.18)

h−∂Tx =
−2

h2−
∂Th− = −2x

[
−1− x−1 + x−1λ−y

]
= 2 (1 + x− λ−y)

∂T (h−y) = ∂T (h+ + h−1− )

h−∂T y = ∂T (h−y)− y∂Th− = ∂T (h+ + h−1− )− y∂Th− = ∂Th+ − (x+ y)∂Th−

= (−1− x−1y2 + 2y − x+ λ+x
−1y)− (x+ y)(−1− x−1 + x−1λ−y)

= (1 + λ+)x−1y + (3− λ−)y − (1 + λ−)x−1y2

= 2x−1y [(2 + ν) + (1 + ν)x− (1− ν)y]

(8.19)

so
1

2
h−∂Tx = ∂sx = 1 + x− λ−y

1

2
h−∂T y = ∂sy = x−1y [(2 + ν) + (1 + ν)x− (1− ν)y]

(8.20)

(2 + ν)λ− = (1− ν) so
xy−1∂sy − (2 + ν)∂sx = −x
∂s [ln y − (2 + ν) lnx+ s] = 0

yx−2−νes = c ∂sc = 0

(8.21)
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Consider es as a function es(x, y) defined by

es(0, 0) = 1 es = ∂se
s = ∂sx∂xe

s + ∂sy∂ye
s (8.22)

which is

x es = (1 + x− λ−y)x∂xe
s + [(2 + ν) + (1 + ν)x− (1− ν)y] y∂ye

s (8.23)

At y = 0 the solution is
es(x, 0) = 1 + x (8.24)

Expand around x = y = 0

es =
∑
j,k≥0

Sj,kxjyk (8.25)

x
∑
j,k≥0

Sj,kxjyk = (1− λ−y + x)
∑
j,k≥0

Sj,kjxjyk

+ [(2 + ν)− (1− ν)y + (1 + ν)x]
∑
j,k≥0

Sj,kkxjyk

Sj−1,k = jSj,k − λ−jSj,k−1 + (j − 1)Sj−1,k
+ (2 + ν)kSj,k − (1− ν)(k − 1)Sj,k−1 + (1 + ν)kSj−1,k

(8.26)

So we get a recursion formula

[j + (2 + ν)k]Sj,k = [2− j − (1 + ν)k]Sj−1,k + [λ−j + (1− ν)(k − 1)]Sj,k−1 (8.27)

For j = 0
(2 + ν)kS0,k = (1− ν)(k − 1)S0,k−1

S0,k = 0 k ≥ 1
(8.28)

so the recursion can start from

S0,0 = 1 S1,0 = 1 Sj,0 = 0 j ≥ 2 S0,k = 0 k ≥ 1 (8.29)

The expansion might be cut off at O(xN ) according to

y = O(x2+ν) xjyk = O(xj+k(2+ν)) = O(xN ) j + k(2 + ν) ≤ N
j ≤ N k ≤ N/(2 + ν)

(8.30)
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9 Euclidean signature phase portrait [SNB I-3]

The phase portrait of the euclidean signature ode (2.4) is shown for completeness. It is
not used in the paper.

-3 -2 -1 1 2 3

fT

-6

-4

-2

2

4

6

vT

The ode
∂τfτ = −2fτvτ − 2f2τ + 2 ∂τvτ = 4fτvτ + 3f2τ − 3 (9.1)

is regarded as a dynamical system. A solution is a trajectory in the fτ , vτ plane parametrized
by τ . The ode is invariant under the time-reflection symmetry

τ → −τ (fτ , vτ )→ (−fτ ,−vτ ) (9.2)

There are two fixed points, at (1, 0) and at its reflection (−1, 0). The linearized ode at
(1, 0) is

∂τ

(
∆fτ + ∆vτ
3∆fτ + ∆vτ

)
=

(
2 0
0 −2

)(
∆fτ + ∆vτ
3∆fτ + ∆vτ

)
(9.3)

so the fixed point has an unstable manifold tangent to ∆vτ = −3∆fτ and a stable manifold
tangent to ∆vτ = −∆fτ .

The analytic continuation of the C = 0 solution (6.7) from T to τ = iT is

fτ = −cosh 2τ +
√

3

sinh 2τ
vτ =

√
3

sinh 2τ
(9.4)

In the phase portrait this is the union of two trajectories. The portion −∞ ≤ τ < 0 is the
unstable trajectory leaving the fixed point (1, 0) going into the lower-right quadrant. The
portion 0 < τ ≤ ∞ is the time-reflection, the stable trajectory of the fixed point (−1, 0)
entering from the upper-left quadrant. The two trajectories are joined at the point at ∞
in the (fτ , vτ ) plane at τ = 0

(fτ , vτ )→

(
−1 +

√
3

2τ
,

√
3

2τ

)
τ → 0± (9.5)
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The phase portrait is calculated using numerical integration from initial conditions at
large fτ . The trajectories which reach large fτ are given asymptotically by expansions
around τ = 0

fτ = τ−1
∑
m,n=0

βm(τ2)mα/2τ2nfm,n vτ = τ−1
∑
m,n=0

βm(τ2)mα/2τ2nvm,n (9.6)

where α is a positive real number to be determined and β is a real number which
parametrizes the trajectory and ranges over some interval around 0. The coefficients
fm,n and vm,n are given by recursion relations obtained by substituting in the ode. For
(m,n) = (0, 0)

−f0,0 = f0,0 (−2v0,0 − 2f0,0)

−v0,0 = f0,0 (4v0,0 + 3f0,0)

 f0,0

v0,0

 =

(
1
2 + ε

√
3
2

−ε
√
3
2

)
ε = ±1 (9.7)

Then the recursion relation for (m,n) 6= (0, 0) is

Am,n

(
fm,n
vm,n

)
= δm,0δn,1

(
2
−3

)
+

(
−2 −2
3 4

) ∑
m′+m′′=m
n′+n′′=n
6=(0,0),(m,n)

fm′,n′

(
fm′′,n′′

vm′′,n′′

)

Am,n =

(
αm+ 2n− 1 + 2v0,0 + 4f0,0 2f0,0

−4v0,0 − 6f0,0 αm+ 2n− 1− 4f0,0

)
detAm,n = (αm+ 2n+ 1)(αm+ 2n− 3− ε

√
3)

(9.8)

The case (m,n) = (1, 0) requires

detA1,0 = 0 α = 3 + ε
√

3

(
f1,0
v1,0

)
=

(
1

−1− ε
√

3

)
(9.9)

Then detAm.n 6= 0 for (m,n) 6= (1, 0) so the recursion relation determines all the remaining
coefficients.

10 vµ = ∂µχ ⇐⇒ χ is the dilaton field

If vµ = ∂µχ, the fixed point equation is

Rµν = 2∇µ∇νχ (10.1)

and χ satisfies
∇µ∇µχ+ 2∇µχ∇µχ− C ′ = 0 (10.2)

These are the equations of motion of the dilaton action

S =

∫
ddx
√
g e2χ(−R− 4∇µχ∇µχ− 2C ′) (10.3)

So if vµ = ∂µχ then χ is the dilaton field. But vµ is not necessarily a gradient in general.
To derive the dilaton equations of motion, first vary χ→ χ+ δχ

δS =

∫
ddx
√
g e2χ

[
2δχ(−R− 4∇µχ∇µχ− 2C ′)− 8∇µχ∇µδχ)

]
=

∫
ddx
√
g e2χδχ

[
−2R− 8∇µχ∇µχ− 4C ′ + 8e−2χ∇µ(e2χ∇µχ)

]
=

∫
ddx
√
g e2χδχ

[
−2R− 8∇µχ∇µχ− 4C ′ + 4e−2χ(∇µ∇µ)e2χ

] (10.4)
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Vary gµν → gµν + δgµν using

δRµν =
1

2

[
∇σ∇µδgσν +∇σ∇νδgσµ −∇σ∇σδgµν −∇µ∇νδgσσ

]
gµνδRµν = ∇µ∇νδgµν − gµν∇σ∇σδgµν

(10.5)

δS =

∫
ddx
√
g e2χ

[
1

2
δgµνgµν(−R− 4∇σχ∇σχ− 2C ′)− δgµν(−Rµν − 4∇µχ∇νχ)− gµνδRµν

]
=

∫
ddx
√
g e2χ

[
1

2
δgµνgµν(−R− 4∇σχ∇σχ− 2C ′)− δgµν(−Rµν − 4∇µχ∇νχ)

+ (−∇µ∇νδgµν + gµν∇σ∇σδgµν)]

=

∫
ddx
√
g e2χδgµν

[
Rµν + 4∇µχ∇νχ−

1

2
gµν(R+ 4∇σχ∇σχ+ 2C ′)

+ e−2χ (−∇µ∇ν + gµν∇σ∇σ) e2χ
]

(10.6)
So the equations of motion are

0 = R+ 4∇µχ∇µχ+ 2C ′ − 2e−2χ(∇µ∇µ)e2χ

0 = Rµν + 4∇µχ∇νχ−
1

2
gµν(R+ 4∇σχ∇σχ+ 2C ′)

+ e−2χ (−∇µ∇ν + gµν∇σ∇σ) e2χ

(10.7)

Substituting the first equation of motion in the second, the second becomes

0 = Rµν − 2∇µ∇νχ (10.8)

so
R = 2∇µ∇µχ (10.9)

Substituting for R, the first equation of motion becomes

0 = ∇µ∇µχ+ 2∇µχ∇µχ− C ′ (10.10)

So the dilaton equations of motion are

Rµν = 2∇µ∇νχ ∇µ∇µχ+ 2∇µχ∇µχ− C ′ = 0 (10.11)
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