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This note shows calculations for the paper Cosmology from the two-
dimensional renormalization group acting as the Ricci flow. Numerical calcu-
lations are performed in the accompanying SageMath notebooks. Sections here
that contain numerical results from the notebooks are labeled SNB. The section
numbering in the notebooks follows the numbering here.

To run the notebooks, either install SageMath from sagemath.org or cre-
ate an account at cocalc.com and upload the notebooks to run there. Sage-
Math is a free open-source mathematics software system. Both free and paid
accounts are available at cocalc.com. Paying for an account supports Sage-
Math (see reasons-for-purchasing-a-subscription). Open-source mathe-
matics software such as SageMath is essential for scientific research. Scientific
results must be completely open to scrutiny. Closed-source mathematics soft-
ware blocks scrutiny.
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1 SO(d)-invariant geometry on I x S9!

We are investigating the fixed-point equation
(1.1)

R, =V,u, +Vyu,

for a Riemannian metric g, and a vector field v* on I x S3 both invariant under SO(4).

1.1 [ x S¥1cR?

Consider I x S%! as a spherical shell in R? with coordinates z#. The euclidean metric is

T = /Ot r=e’ (1.2)

dpdatdat = dr? + T2ds§3 =72 (dT2 + dS%g)
where ds?gd,1 is the SO(d)-invariant metric on the unit (d—1)-sphere.
dr = z,dz"

it =gk our = 2,
Ou(rta,) = r 2(Pu — &,)

PO N -1

P, =0 — 2,3, OuZy =1 Py
1
O0r =20y,

O = 1 124,00

R N w 14
dr =r " %,dx ot =1""12,
on invariant functions

ds%d_l = r_zPWd:U”d:L"’
(1.3)

r 28, datds” = dr® + dsye  dr? =1 %3,4,datda”

1.2 g, in conformally flat gauge
The general SO(d)-invariant metric is

g (2)datdz” = Fy(r)?dr? + FQ(T)2dS%d,1 (1.4)
After a suitable reparametrization r — 7(r) the metric is conformally flat

guwdardz” = X (dr? + dsta. )

ar _ P _ f@)
dT - Fl FQ(T‘) =€ (15)
G = le(T)r_zdwj = e2f(7)(5m, fr)y=f(r)—r1
Define
fr=0.f (1.6)
SO ) ) )
ouf=r'2,0.f O f=f—1 (1.7)
The covariant derivative is
Vow, = 0w, — I'y,wa
8 ) (1.8)

%, = 0%0,f + 620, f — 6,0 f =17 (602 + 652y — 6,8 Or f



1.3 R,

The curvature tensor is
Rig, = 0810, + Tgpl, —T7pl0, — (B < v)
The Ricci tensor is
Ry = Ry = ~0u 000 + (A= 2) (=0,0,] + 9]0, ] = 8,00 [0u] )
= —(d =10 frr2audy — [0 fr + (d—2) (f2 = 1)] r 2P
R datds” = —(d — 10, frdr* — [0-fr + (d — 2) (f2 — 1)] dsha—s
The scalar curvature is
R=g"Ru =e %" Ry, = —e 2 (d—1)[20,f, + (d—2) (f2 - 1)]
The Einstein tensor is
G = R — 5 R
G datdx” = %(d —2)(d—1)(f2—1) dr?
+ %(d —2) [20, fr + (d—3) (f2 —1)] dss
In d = 4 dimensions
Ry datds” = =30, fr dr* — (0- fr +2f7 — 2) dss
R=—c%6(0-fr+ 2 -1)
Guvdztdz” =3 (f2 —1) dr* + (20, f- + f2 — 1) ds%s

1.4 V,u,+V,u,

The general SO(d)-invariant vector field v = v#(x)0, is

V0, = v (1)0; ot =Tk
T 2f. T —14
vpdat = vpdr Vr = gr7U =€ fu Uy =0 By,
Its covariant derivative is
a —245 A -2
Vv = Opvy — I ve = (Orvr — froe)r™ “Tudy + froer Py,

SO
(Vyvy + Vyu,)datdz” = (20-v; — 2frv;) dr® +2f v, ds%d,l
2V,07 = 2472 [0vr + (d — 2) frv,]

(Vuvy + Vv, — Vo7 gy )datde” = (0rvr — dfrvr) dr?
— (Orvr + (d —4) frvr) ds?gd,l

In d = 4 dimensions

(Vo + Vyu, — Vo2 gy )datde” = (0rv, — 4frvr) dr? — (0rv7) ds%d_l

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)



2 R, =V,v,+V,u, as ode
The fixed point equation R, = V, v, + V,v, is equivalent to
1
G = Ry — §R9/w =V, v, + Vv, — Vo7 g
In the invariant case, using (1.12) and (1.16), this is
1
5(d=2)(d-1) (f2 =1) = 0,v, — dfrvr

(d_ 2)07'f7' + %(d_ 2)(d_ 3) (fz - 1) = —0:v; — (d_ 4)f7"UT

In d = 4 dimensions
3(f2—1) = 0,0, — dfrvr

20-f-+ (f2 —1) = =00,

which is the ordinary differential equation

Orfr = —=2frvr —2f24+2 Qv =A4Afrv, +3f2 -3

3 Analytically continue to real time

Analytically continue from conformal euclidean time 7 to conformal real time T

e2f (d72 + ds%d,l) = e2f (—dT2 + ds%d,l)
T=4T dr=idl  0,=i'or
df = frdr = frdT  fr=i"‘fr  vedr =vpdl v, =i!
In co-moving time ¢
e2f (deZ + ds%d,l) = —dt’ + a2ds?gd,1
dt = efdT a=cel O =a tor oa=a tra = fr
The Hubble parameter H and the deceleration parameter g are

ad?a B orfr

H:aflaa:aflf qg=— —
' ’ @2~ f2

The ode (2.4) becomes in real time

orfr = —2frvr — Qf% -2 Orvr = 4frvr + 3f72~ +3

4 T,

The fixed point equation R,, = V, v, + V,v, is equivalent to Einstein’s equation

1
Guw = Ry — §ng, =8rG T

(2.1)

(2.2)

(2.3)

(2.4)

(3.1)

(3.2)

(3.4)

(4.1)



with energy-momentum tensor

1 (63
TNV = % (VM’UV + VV’UM - gwjv ’Ua,) (42)
given in the invariant case by (1.16)
1
Tm,dx“dxl’ = m [(aTUT — 4fT’UT) dT? + (8T’UT) ds%d,l} (4.3)

This is the energy-momentum tensor of a perfect fluid of density p and pressure p

T,wdztds” = a®(pdT? + pdsts) = pdt® + pa’dsts

L (opor—4 1 5 4y
P = 8rGa2 (Orvr = dfror) P 8rGa2 T
Using the fixed point equation (2.4)
1 2 1 2

The equation-of-state parameter w and the density parameter ) are

P 4 frop 8nGp 1
w=C=1+- = =14 — 46
P 3241 3H?2 12 (4.6)

The conservation law V#T),,, = 0 in the invariant case is

Tdatda” = —a?pdr? +a*p dS%vg Ty, = —a?p T_qui‘,/ +a’p T_2PW
(4.7)
VAT = a 20 (—a?p)r i, + (—a?p) VF(r—2i,2,) + a*pVH(r2P,,)
( 2P,u1/) = ( - 1)fTT_1
( 25,ul/) = _2f7' Ty (48)
VA(r2a,d,) = a2 (d = 3) frr iy
VAT = a ?r 2, [0:(—a®p) + (d — 3) fr(—a®p) — (d — 1) frap| (19)
— Y2y [0y — (d— 1) frp — (d— 1) fr1)] '
So V#T,, =0is
Or(a®p) + (d = 3) fr(a®p) + (d — 1) fra®p = 0 (4.10)
or
Orp+(d—1)fr(p+p)=0 (4.11)
5 The constant of motion C
If
Vv, — Vv, =0 (5.1)
then v* is a gradient at least locally
Up = OpX (5.2)

In the SO(d)-invariant case v* is always a gradient globally, v,(7) = 0.



When v* is locally a gradient then
R, = Vv, +Vyu, =2V, V,x R =2V,V7x

VYR = 2V, V'V x 4 2R5, VX = YV, (2VVV, X + 2V, X V7X)
1

0=V~ <RW - 2gWR> =V,u(VeVoIX+2VexVox) = V4 (Vev? + 20,07)

so there is a constant of motion

C' =V 07 4+ 20,07 = R+ 4v,0° V“C” =0

For convenience normalize the constant of motion
2 -1

C= m(vgv” + 20,07) =

In the SO(d)-invariant case

R=—a?(d—-1)[20.fr+(d—2) (f?—1)]

(@-Dd-2)

(R + 4v,v7)

=—a"(d—1) [-4f;v, — (d—2) (fZ - 1)]

vev° = a”2v?

SO

N L L T 1 2
C=a <fT g2l (d—1)(d—2)“T+1>

Continued to real time

_ 4
C=a 2( 72“+d_2fTUT+

@-Dd-2)
In d = 4 dimensions

2
C=a? <f72~+2fTUT+3U%+1>

6 The C' =0 cosmological solution

Define ]
ht = fr+ Bxv =1+ —
+ = fr+pBror Bt 7
so that
a’C =hih_ +1
The ode (3.4) is now
_ 2 _ Bx
Oorhy = —1— h:t + )\:t(h+h, + 1) Ay = 57
:F

When C' = 0 the ode (6.3) becomes
Orhy = —1—h3

which has the solution
h_ =cotT hy = —tanT

UT+

)

=243

(5.8)

(5.9)

(6.4)

(6.5)



which is unique up to translation and reflection in T'. Changing variables back to

= \f (Byh— = B-hy)  wr= V3 (hy —h-) (6.6)

fr 5

the C' = 0 solution becomes

3+1 -1 2T 3
fT:\[—i_ cotT + v3 tanT = M
2 2 sin 2T (6.7)
vr = —ﬁ cotT — @ tanT = V3
T 2 T sin2T
Integrating Or f = fr with constant of integration In ¢,
-1
f=Intij+ (1 +v)lnsinT —vincosT u:\/g
2 (6.8)
a=el =t)sin'T Tcos™T
The co-moving time t is
t |
dt = adT %: ; a(T") dT :§Bsin2T(1+V/271/2—y/2)
(6.9)

e bl 1
t € (0, tmax) t,a = /2 a(T") dT’ = 5B(1 +1/2,1/2 —v/2) = 1.470147 . ..
0 0

where B(p,q) is the Euler beta function and B;(p, q) is the incomplete beta function

z sin? =x
By (p.q) = / "1 —s)0 " ds = 2/ sin??~1 9 cos?™1 9 df
0 0

xp
Z;F(nl—q;erl;ﬂﬂ) (6.10)

L'(p)L'(q)

F in the second line above is the hypergeometric function o Fj.

7 The cosmological parameters [SNB I-1]

7.1 Formulas for H, ¢, w, and )
Substituting in (3.3)

_ 2T 4+ /3
H = -1 — t/ s 14w T v 1 Ccos
a ' fr = (tpsin cos ) ol

1 1

= (sin*Q*”Tcos*H” T) 3 <cos 2T + \/§> (7.1)
0

1

= (sin_Q_” T cos 11V T) (cos.2 T+ 1/)

0



42 _
¢=—fr"0fr ( sin 2T 2 sin?T 2 cos?T
_2(1+\/§COS2T) B \/ECOSQT—I/

(cos2T + \/?:)2 (cos? T + v)?

The expansion decelerates (¢ > 0) for T < T,— then accelerates (¢ < 0) for Ty—o < T

cos2T+ﬁ>2<\/§+1 -1 +\/§—1 1 )
(7.2)

T, o arccos(2—1/\/§) _ T arcc;)s(l/\/g) _ T arc;an(\/i) _ 0.6959% (73)

Substituting in (7.4) gives formulas for w and

4
S /i)
3fr+1
g7 -1
_1+% cos 2T + /3 -3 14 cos 2T + /3
3 sin 2T sin 27 sin 2T
(7.4)
_ cos 2T
3cos 2T + 2¢/3
1 sin2l 2
Q=14+ —5=14———=
Ve <COS 2T + \/§>
7.2 Estimate ¢, and ¢
Use go = —0.60 as the present value of the deceleration parameter. Solve ¢(Tp) = qo
numerically to estimate the present conformal time
Ty = 0.77% (7.5)

Then calculate the present value of the Hubble parameter by substituting Ty in (7.1) to
fix ¢} in units of the Hubble time ty = Hy*

ty = (sin_z_” Ty cos ™ To) (cos2 To + 1/) tg =11ty (7.6)

The Hubble time is
tr = 4.55 x 1017s = 1.44 x 10 (7.7)
Now tg, tmax, and the present values ag, wp, and o can be calculated from (6.9), (6.8),
and (7.4)
to =073ty  twmax =16ty  ao=15ty wo=-061 Qy=15  (7.8)

Once ag is estimated, the redshift can be calculated

ao
=—-1 7.9
=2 (7.9)

In particular, g =0 at z =0.18 and T' = %T() at z = 1.69.



7.3 The limit ¢t — 0
In the limit T"— 0

s 1+v . —/3/2
— v
T T T
/ ! ml4v l+v —2—v
f—= 1+v)InT +1Int, a—t,T H — 7 T
0
t 9 1/(24v) o\ /()
t— 0 q2v Wl T it T— 2z
2 + v tO 0 aop
(7.10)
9 1/v3 9 —1/V3 1
a—>t'0< ;V> $1/V3 z—>?,°< ;”’) 1/ H%%t‘l
0 0 0
7 B s (7.11)
) ) e R) ()
t t t t
0 0 0 0
Substituting the estimated values for ¢, and ay
t
Lot 47T
ty tg
“ PR £\ 58
=t (— Z—0.86 [ — (7.12)
ty 1324 th
t H
— =077 — 507527
t Hy
7.4 The limit ¢t — .«
In the limit 7' — &
v _\/3/2 T "
fr— v — f—>—yln(f—T>+lnt0
= T :
—v 7 1-v
a—>t6’(g—T> t—>tmax—1_°y(g—T) (7.13)
" 75max —1 71/\/3
a—ty [(1—v) i

7.5 Table of parameters for selected z values

z H/H, q w Q

z>1 | >1 07547 073 016 1.0
1000. 120000. 0.73 0.16 1.0
100. 2200. 073 0.15 1.0

10. 48. 0.74 0.15 1.0

T = %To 1.7 4.1 0.74 0.079 1.2
1.0 24 0.69 0.021 1.3

q=0 0.18 1.1 0.00 -0.33 1.5
t=1o 0.00 1.0 —-0.60 —-0.61 1.5

10



7.6 Plot the cosmological parameters

7.7 Plot the conformal diagram

1.7

Ty
)
T
0
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8 Analysis of the real-time ode continued

8.1 Real-time phase portrait [SNB I-1]

ur

c<o Cc>0

C<0

S T rrreen
I

12



8.2 Asymptotic behavior of the C # 0 solutions

Three asymptotic regions:
1. hy — 400, |h | < |hy|t€
2. h_ — 400, |hy|<|ho|t7e
3. hy, ho — +o0, |h_|~ |h4]

In region 1 we can approximate in the ode (6.3)

1
Orhy — —h3 hy = o T — 0*

3 _
fr — —\gﬁm — % a? = a2 (T?)™ hih_ = —14Ca®> — Ca}(T*) ™" (8.1)
h_ — Ca}(T*)™'T — 0
In region 2
1
Orh_ — —h? h_ — 7 T — 0*
1
fr — ‘fmh_ — % a’> = a3(TH)™  hyhe = -1+ Ca® — -1+ Ca3(T*)'H
hy = -T—=0
Orhy — =1 —=T? + X\, Ca3(TH'™ + O(T?)
1
hy — —T — gT3 + Ca3(TH"T + O(T?)
(8.2)

In region 3 the only asymptotic trajectories are fr — 0, vp — +oo. The ode (3.4) is

approximated
or fr = =2(frvr +1) Orvr = 4frvr + 3
fror+1—=0 orvr — —1 (8.3)

1
vp — =T fT—>T T — +0

In summary, there are three reflection pairs of asymptotic trajectories,

1
1. T —0* hy =z hoo Ca?(T*)™"T
1 1
2. T —0F he = hy o -T- gT3 + Ca3(T?)'T (8.4)
1
3. T—+x fT—>T vp — =T

Every trajectory asymptotes as type 1 or type 2. Except for the separatrix S and its
reflection S’ every trajectory asymptotes at both ends as type 1 or type 2. S and S’ each
asymptote at one end as type 2.

8.3 Non-analyticity of C' # 0 solutions
Try to analytically continue to imaginary time, replacing 7' — e~ 7 with @ ranging from
0 to w/2, fr — ewa, vr — €Pv., he — ePhpy. The type 1 and 2 asymptotic behaviors

13



become

1 )
1. 7—07F hpy — - hg_ — 6(21/_2)190&%(7'2)_”7' @3
8.5
1 1 .
2. 7 —0F hgp- — — hpy — 71— §T3 + e~ VO 02 (TN
T
At 0 = /2 this is
+ 1 vim 2/ _2\—v
1. 7—0 hgy — — hg— — —e"""Cai(t*) 7"
r 8.6)
1 1 , (8.
2. 17— 0F hgp— — — hpy — 71— 573 + e VT Ca3(T?) T
T

but hg+ = fr + B+v, should be real. So none of the C' # 0 real-time solutions can be
analytic continuations of euclidean signature solutions.

8.4 Asymptotic behavior of the separatrices 5, S’ [SNB I-1]

The other ends of the separatrices S, S’ have type 3 asymptotic behavior. They have
expansions at large T

T—+o0  fr=3 ful " wp=-T+ > v, T2 fo=1 (87)
m=0 m/=0

The coefficients f,,, v, are determined recursively by the ode (3.4). For m >0

1
Um = —Qfm‘f‘m Z St Jimir

m/+m'’=m

1 (8.8)
fmt1 :_5(2m+1)fm+ Z fm (fm”“‘vm”)
m/+m/'=m
Numerical calculation for large m gives
—fm : —Um _ 60'5/m m
Jm—1 Um—1 (8.9)
(=)™ frn = 0.22m'2m! (=1)" o, — 0.44m '/ 2m!
so the expansions (8.7) are not convergent.
8.5 Numerical calculation of the invariant cg [SNB I-2]
Calculate
Orh_ = —1—h% + X\_(hih_ +1)= —2v(1 + h_fr) (8.10)
Re-write using fr = dra/a and 2v(1 4+ v) =1
Ora
(1+u)8Th_+h_T++1 =0 (8.11)
Away from h_ = 0 this is
2
Or [(h2)""a®] + o= [(2)"a?] = 0 (8.12)

14



For the trajectories that behave as h_ ~ T~! for T'— 0 define

SO

-

T 941’

h_(T")

aT [(h2_)1+l/a2€s] =0

so we can define a numerical invariant of the trajectory

c=Cd*(h?)

In the limit T"— 0

The separatrix S is one such trajectory. Its invariant cg is calculated numerically:

— i h _ 2\14+v
c=lim (hoh +1)(12)

1+1/es —

(hih_ + 1) (R2)ef Opc=0

1. Use the large T' expansions (8.7) to get a point on S at large T

2. Numerically integrate the ode backwards to get a point on S with h_ > 1.

3. Calculate s as a double expansion s(z,y)

X

1
"Rz

Substitute s in (8.15) to get cg.

Calculate

Orh— = —1—h2 + A_(hyh_ +1)
=—1l—z 42"y

Orhy = —1 =2+ A (hih +1)=—1—(hy—h") 2+ A2y
= 1-az 'y +2y—z+raly

hyh_ +1 h

h?

T

-2
h_Orx = h—gaTh, =2z [-1- x4 :E_l)\,y] =2(1+x—XA_y)

r(h_y) = 0p(hy + h™Y)

h_dry = Or(h_y) — yorh_ = op(hy + h=Y) — yorh_ = dphy — (z + y)drh_
=(-l-2%+2—z+ X2y - @+y)(-1-z +2 Ay

=1+ Az Y+ B = A )y — 1+ A1)z 12
=27y [2+v) + (1 +v)z — (1 -v)y]

SO
1

2
1

2
2+v)A-=(1-v)so

zy 0y — (24 )0 = —x

—h_Orx=0sx=14+xz—A_y

Shory =0y =2y [2+v)+ (1 +v)e—(1-v)y

Osmy— (2+v)lnz+s/=0

yxr

—2—1/63

=C

15

Osc=10

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)



Consider e* as a function e*(z,y) defined by

e’(0,0) =1 e’ = 0se” = 0sx0,€° + O5y0ye’ (8.22)
which is
ze® = (14+z—Ay)zde’+[2+v)+ (1+v)z— (1 —v)ylyoye’ (8.23)
At y = 0 the solution is
e’(z,0)=1+uz (8.24)
Expand around x =y =0
e’ =Y Sprlyt (8.25)
3,k=>0
T Z Sj,kxjyk =1-)y+x) Z Sijxjyk
J,k=>0 3,k=0
(1 — . Jo ke
+2+v)—-(1 wy+ﬂ+mﬂ1%%@ﬂmy (8.26)
Jik>

Si—1k = JSjk — A=jSjk—1+ (G — D)Sj-1k
+ (2 + l/)ij’k — (1 — V)(k - 1)8j,]€_1 + (1 + U)ij_Lk

So we get a recursion formula

G+ @+ kS =2 — (A0S, p+ g+ (=) h— 1Sk (827)

For j =0
24+ )kSor=(1—-v)(k—1)Spr_
(24 V)kSox = (1 = V) = Dop-s .
Sor =0 k>1
so the recursion can start from
Soo=1  So=1 So=0 j>2 Syp=0 k>1 (8.29)
The expansion might be cut off at O(2V) according to
y = O(x2+u) :ijk _ O($j+k(2+u)) — O(xN) jrk(2+v) <N (530

J<N k<N/2+v)

16



9 Euclidean signature phase portrait [SNB I-3]

The phase portrait of the euclidean signature ode (2.4) is shown for completeness. It is
not used in the paper.

The ode
Orfr = =2frvy —2f24+2  Opv, =4fv, +3f% -3 (9.1)

is regarded as a dynamical system. A solution is a trajectory in the f,, v; plane parametrized
by 7. The ode is invariant under the time-reflection symmetry

T— —T (fT)UT) — (_fﬂ _UT) (92)

There are two fixed points, at (1,0) and at its reflection (—1,0). The linearized ode at

(1,0) is
P Afr+Av,\ (2 0 Afr + Av, (9.3)
T\3Af, +Av, ) \0 —2) \3Af + Av, '
so the fixed point has an unstable manifold tangent to Av, = —3Af; and a stable manifold

tangent to Av, = —Af,.
The analytic continuation of the C' = 0 solution (6.7) from T" to 7 = T is

7cosh27'—|—\/§ _ V3

sinh 27 vr = sinh 27

fT:

(9.4)

In the phase portrait this is the union of two trajectories. The portion —oo < 7 < 0 is the
unstable trajectory leaving the fixed point (1,0) going into the lower-right quadrant. The
portion 0 < 7 < oo is the time-reflection, the stable trajectory of the fixed point (—1,0)
entering from the upper-left quadrant. The two trajectories are joined at the point at oo
in the (fr,v;) plane at 7 =0

(fr,vr) = (—1 +v3 ﬁ) T — 0F (9.5)

2r 27
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The phase portrait is calculated using numerical integration from initial conditions at
large f.. The trajectories which reach large f, are given asymptotically by expansions
around 7 =0

fT = 7_1 Z /Bm(7'2)ma/27'2nfm,n Ur = 7—_1 Z Bm(T2)mo¢/27_2nvm7n (96)
m,n=0 m,n=0

where « is a positive real number to be determined and [ is a real number which
parametrizes the trajectory and ranges over some interval around 0. The coefficients
fn and v, , are given by recursion relations obtained by substituting in the ode. For
(m,n) = (0,0)

—fo,0 =fo,0 (—2vo,0 — 2fo0) fo.0 B 3T 6@ c— 41 9.7)
—vo,0 = fo,0 (4vo,0 + 3f0,0) V0.0 —e@

Then the recursion relation for (m,n) # (0,0) is

fm,n _ 2 -2 =2 fm”,n”
Am,n <vm7n> = 6771,0571,1 (_3> + < 3 4 ) Z fm/7n/ <vm”7n//>

m/+m//:
n'4+n"'=n
#(0,0),(m,n) (9.8)
A _ (am+2n— 14 2ve +4fog 2£) ¢ '
e —4V070 — 6f070 am+2n—1-— 4f070

det Ay = (@m +2n+ 1)(am + 2n — 3 — eV/3)

The case (m,n) = (1,0) requires

_ _ fio) _ 1
det ALO =0 a=3+ 6\/§ (V1,0> = <_1 B 6\/§> (99)

Then det Ay, # 0 for (m,n) # (1, 0) so the recursion relation determines all the remaining
coefficients.

10 v, =09,x <= x is the dilaton field

If v, = 9., the fixed point equation is
R, =2V, V,x (10.1)

and x satisfies
V. VFx 42V, xVix = C"' =0 (10.2)

These are the equations of motion of the dilaton action
S = /ddl' g e*X(—R — 4V, xV'x — 2C") (10.3)

So if v, = d,x then x is the dilaton field. But v* is not necessarily a gradient in general.
To derive the dilaton equations of motion, first vary x — x + dx

0S8 = /dd:n g X [20X(—R — 4V, xV*x — 2C") — 8V ,xV*)]
— / d'x /g eX5x [—2R — 8V, xVFx — 4C" + 8¢ 2XVH(e*XV )] (10.4)

= /ddx g X5y [—2R — 8V, xVFx — 4C" + 46_2X(V“Vu)egx]
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Vary g — guv + 09, using

1
6Ry, = 3 [VoV,dg7 + VoViogy — VN0 — V. Vo97]
g" R, =V, V09" — g, VoV 09"

(10.5)

1
0S8 = /ddsn g X [269“l’guy(—R — AV oxVox —2C") = g™ (= Ry — 4V, XVux) — 9" 0 R

1
= /dd:z: g X [26g‘“’gwj(—R —4V,xVox —2C") — 309" (=R — 4V, uxVux)
+ (=V, V69" + 9 VoV 569")]
1
= /ddx g e2X§5gH [R,W + 4V, xVux — §gW(R +4VoxV7ox +2C)

+e X (=V,uVy + g VIV,) eX]

(10.6)
So the equations of motion are
0= R+4V, xV'yx +2C" — 2e"X(VFV ,)e?X
1
0= Ry +4V,xVux — gg,w(R +4V,xV7x +2C) (10.7)
+ 672)( (—vule + guyvUvU) €2X
Substituting the first equation of motion in the second, the second becomes
0=Ru —2V,V,x (10.8)
SO
R =2VHV ,x (10.9)
Substituting for R, the first equation of motion becomes
0=V,VFx+2V, xVix - (10.10)
So the dilaton equations of motion are
Ry, =2V, V,x VIV, x4+ 2V V,x —C' =0 (10.11)
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