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2019 Summer MAT 272 Calculus II Labs

1 Calculus I Review

1. Compute the derivative of the following functions.

(a) sin(x) (d) 3z (g) =
(b) cos(z) (e) € (h) "
(c) a3 (f) % (i) arctan(z)

2. Computer the derivative of the following expressions using derivative rules.

(a) 2sin(z) + cos(z) (e) sec(z)

(b) e (f) we®

(€) o ?; (&) (22 +1)°
(d) tan(z) (h) sin(z) cos(2?)
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d
3. Find d_y as a function of z and y for the implicit curve:
x

zy +y* + 2% = 3.

4. Find % (f(2)'):

5. Find % (In(f(z)) * g(x))
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6. Calculate these basic anti-derivatives.

(a) / sin(z) do (d) / dx (g) / %dm

(b) /cos(x) dx (e) /emdx (h) /x”dx

(©) / 2 da (f) / L (i) / sec(z) tan(z) da

7. Calculate the definite integral using one of the Fundamental Theorems of Calculus.

(a) /24 (2 +1) da

N

(b) / " sec?0.df

]
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8. Find the area between the curves f(z) = 2z and g(z) = 2* on the interval [0, 2].

5
9. Find the area between the curves f(z) = sin(z) and g(z) = cos(x) on the interval [%, Zﬁ} :

d v
10. Calculate — < / e’ dt).
dz \ J,
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2 u-Substitution

1. Determine a u to use to integrate the given indefinite integral. Do not actually solve the integral.

o [V

b ¢y
<>/36y_2y

(c) / 9%e” do

(d) / 2 —Tzdz

2. Evaluate the definite integral using the u-substitution with the given wu.

2
(a)/2$\/1+x2dx; =1+ 2>
0
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In(2) 621’ N
— dur; =3+e”

2019 Summer MAT 272 Calculus II Labs Page 6 of 70



3. Evaluate the definite or indefinite integral. Some questions may require u-substitution and some
may simply require some algebra manipulation.

3_6.2 3_5.2
(a) /3:1:,26.% 247 4.T€x 2r°+7 d.fl:

(© / e dy
0
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o () -

w/2
(e) / sin®(0) cos(#) df

—m/2

/4 _tan(x)
(f) / ¢
0

cos?(x)
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3 Integration by Parts

1. Solve the following integral using the Tabular Method for repeated Integration by Parts.

(a) / P

(b) / x?sin(5x) dx
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2. Evaluate the following integrals using integration by parts.

(a) / ve™2 dz

(b) /629008(39) df
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(c) / 2* In() dz

(d) /2 " 2 In(z) da
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(e) /0 2 gin () dy

(f) eV dw
0
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4 Partial Fractions and Algebraic Techniques

1. Use find the partial fraction decomposition of the following rational expressions.

122 — 11
(a) —5——
22+ 20z — 15
b) F7a—F
23+ 4z 5z
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2. Evaluate the following integrals.

(a) /ﬂdx

3 — 222 +x

8
(b) /333—2952—4:15—i—8dle
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(0) /2x+3dx

24+ 4

cos(z)

(d) Use the fact that sec(z) = ——5—
1 — sin®(x)

and partial fractions to find / sec db.
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sin(6)
(©) / cos(f) + cos?(0) a0

e
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5 Trigonometric Integrals

1. Use an appropriate trigonometric integral to evaluate the following integrals.

(a) / sin®(z) da

(b) /cosg(x) dx

2019 Summer MAT 272 Calculus II Labs Page 17 of 70



(c) / cos*(2z) dx

(d) / sin®(z) cos?(x) dz
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(e) / sin®(z) cos® (x) dz

() / sin(52) dx
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(2) / 12sect(z) dz

(h) / tan®(z) dz
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(i) / tan () sec®(z) dz

() / Vtan(z) sec*(x) da
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6 Trigonometric Substitutions

1. Solve the following integral using the appropriate trigonometric substitution.

(a) /\/ﬁdx
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(d) / V(81 + 22) dx
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1
1

-4

(©) /\}g 22y 1 + 22 v

(f) /fﬁdx

2019 Summer MAT 272 Calculus II Labs Page 25 of 70



2. A total charge @ is distributed uniformly on a line segment of length 2L along the y-axis. The
x-component of the electric field at a point (a,0) on the z-axis is given by

kQa [T 1
Bia) =" [ —dy,
2L Jp (a® +y?)

where k is a physical constant and a > (ﬂ

(a) Use a trigonometric substitution to find an explicit formula for E,(a).

(b) Let p = % be the charge density on the line segement. Show that if L — oo, then E, (a) = 2kp

a

LA detailed derivation of this can be found at http://newb.kettering.edu/wp/experientialcalculus/
wp-content/uploads/sites/15/2017/05/the-electric-field-of-a-line-of-charge.pdf.
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7 Volumes by Slicing — Part 1

1. Find the volume of the solid whose base is the region bounded by the semicircle y = v/4 — 22
and the z-axis and whose cross sections through the solid perpendicular to the z-axis are
squares. For a 3D graph, go to https://sagecell.sagemath.org/?q=ixkvvn.

Figure 1: For a better view, go to https://sagecell.sagemath.org/?q=rvlawp.
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2. Find the volume of the solid whose base is the region bounded by y = 2? and the the line y = 4
and whose cross sections are equilateral triangles parallel to the z-axis.

Figure 2: For a better view, go to |https ://sagecell.sagemath.org/?q=rvlawp.

2019 Summer MAT 272 Calculus II Labs Page 28 of 70


https://sagecell.sagemath.org/?q=rvlawp

3. Let R be the region bounded by the following curves. Use the disk (or washer) method to find
the volume of the solid generated when R is revolved about the z-axis.

(a) y = e~ and the z-axis on the interval [0, In(4)]

T

In(4)

T

Figure 3: Region bounded by y = e~ and the z-axis on the interval [0, In(4)]
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(b) y =2 and y = /x

Figure 4: Region bounded by y = /z and the y = x
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4. Let R be the region bounded by the following curves. Use the disk (or washer) method to find

the volume of the solid generated when R is revolved about the y-axis.

(a) y =16 — z* and the z-axis

Figure 5: Region bounded by y = 16 — 22 and the z-axis

161
141
121
101

DN =~ O OO

123 4
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1 2 3 4

Figure 6: Region bounded by y = 16 — 22 and the z-axis
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8 Volumes by Slicing — Part 2

1. Use disk (or washer) method to find the volume of the solid of revolution obtain by rotating
the given region, R, about the specified axis of rotation.

(a) y =2+ 2 and y = 22 about the line y =5
6.0 1

______ [N

4.0

3.0 1

2.0

1.0 1

—2.0-1.0 1.0 2.0
1.0

Figure 1: Region between y = x + 2 and y = 2
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(b) y =2 and y = /7 about the line z = —2

3.0 1
2.5 1

2.0
151 R
1.0
0.5

~1.0 1.0 2.0 3.0 4.0
—051

)

-————!:e- —— -

—1.0+4

Figure 2: Region between y = 2 and y = /=
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9 Volumes by Shells

1. Let R be the region shown in the figure below.

a) Draw an example of a shell created by revolving a Riemann rectangle at 3 in the interval
k
[0, /7] about the y-axis.

1.5 1
1.0 1

0.5 1

—0.5 1

—1.0-

Figure 1: Region bounded between f(z) = sin (2?) and the z-axis

(b) Draw the image that corresponds to unraveling the shell and label it.

(c) What is the length of the shell?

(d) What is the height of the shell?
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(e) What is the width of the shell?

(f) Use this information to construct the Riemann sum that would calculate the volume of
the solid of revolution.

(g) Use your information from the previous part to construct and evaluate the definite integral
that would calculate the volume of the solid of revolution.
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2. Let R be the region shown in the figure below.

(a) Draw an example of a shell created by revolving a Riemann rectangle at xj in the interval
[0,2] about the line z = 3.

151 9(z) = oz — 2)?

1.0 -

0.5—5 R

| 05 B ‘1.0’ B ‘1.5’ B 2.0l B 25 B 30

—0.51

—1.0-

Figure 2: Region bounded between g(z) = z(x — 2)? and the z axis

(b) Draw the image that corresponds to unraveling the shell and label it.

(c) What is the length of the shell?

(d) What is the height of the shell?
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(e) What is the width of the shell?

(f) Use this information to construct the Riemann sum that would calculate the volume of
the solid of revolution.

(g) Use your information from the previous part to construct and evaluate the definite integral
that would calculate the volume of the solid of revolution.
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3. Find the volume of the solid created by rotating the region bounded by y = 2% + 2z — 1 and
y = 2x about the line x = —4. Draw clearly labeled picture to support your answer.
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4. Find the volume of the solid created by rotating the region bounded by y = sin(z) 4+ 2 and
y = cos(x) on the interval [0, 7] about the line x = 6.

2019 Summer MAT 272 Calculus II Labs Page 40 of 70



10 Arc Length and Surface Area

1. Find the arc length of the specified function over the given domain.

(a) f(z)=2%/2; [0, 2]

(e$ + e_x) ; [0, In(5)]

DN | —

(b) g(x) =
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(¢) h(z) =1In(cosz); [0, m/4]
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2. Find the surface area of the described solid of revolution.

(a) The solid formed by revolving y = 2z on [0, 2] about the z-axis.

(b) The solid formed by revolving y = 22 on [0, 1] about the y-axis.
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(¢) The solid formed by revolving y = /x on [0,4] about the z-axis.

(d) The solid formed by revolving y = v/a? — 22 on [—a, a] about the z-axis.
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11 Introduction to Sequences

1. Consider the following sequence of number:
{1,3,6,10,15,21,...}.

These are called triangular numbers because they are the number of vertices as pictured below.

W/
@ o0
o (A 000
e o 000 0000
T1=1 T2=3 T3=6 T4=10
@
\J (A
0 000
000 0000

Figure 1: Triangular Numbers

(a) Write a recursive definition for this sequence.

(b) Find an ezplicit formula for this sequence where n = 1 is the first term of the sequence.

(c) Determine what T390 would be.

()

2. Determine if the sequence has a Least Upper Bound and a Greatest Lower Bound. If so, what
are they?

(a) {7},

()
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3. Match the formulas with the descriptions of the behavior of the sequence as k goes to infinity.
List the first five values in the sequence as justification of your answer.

@ {

=38 O S,

n=1 m=0

of@)L e EE

(€) {n(n—1)—n}Z_,

“){_@fzﬂ}jo

L. Converges to % from above and below.
II. Converges to 0 through positive numbers.
I1I. Converges to 0 from above and below.
IV. Converges to 0 through negative numbers.
V. Diverges to oo.
VI. Converges to —4 from above and below.
2019 Summer MAT 272 Calculus II Labs Page 46 of 70



4. Opiates are drugs with a “morphine-like pharmacological action” according to the Mayo Clinic
Pl Many of these drugs have a half-life of about 5 hours. Suppose a pharmaceutical company
has developed a new synthetic opiate with a half-life of 6 hours.

(a) Complete the following table to describe the first 24 hours after taking 20mg of the new
synthetic opiate at 6 hour intervals.

how | 0 | 6 | 12 | 18 | 24

amount (mg)

(b) Write an explicit equation that models this data of the form N (¢) = ag(r)*.

(c) What is the hourly decay rate of the drug?

(d) Ast — oo, what happens to the amount opiates?

?https://www.mayomedicallaboratories.com/test-info/drug-book/opiates.html
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5. In this question, you will look at a sequence of functions, rather than a numerical sequence.
Consider the function defined by f,(z) = (1+ £)" and the sequence defined by {f,.(z)}>2,.
Go to https://www.desmos.com/calculator/wjwfifwfnn to help with this question.

(a) Below are the first 5 terms of this sequence of functions:
1

r+1
L,
Zx +x+1
1

Loileion
277 3

Iy 1 5. 3 5
— — — 1
2563: +16x —|—893 +x+

What patterns or sequences of numbers do you notice?

(b) Use the Desmos graph that has been provided to record the different values of f,(1) to
four decimal places.

n 0 1 10 100 1000 00
fn(1)

fn(2)

(c) What function do you hypothesize this sequence of functions converges to as n — oo?
Give a justification of your answer. [Hint: lim, ,.(1 4+ 1/n)" = €
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6. Determine if the sequence is bounded or unbounded, then use an appropriate test to analyze
the monotonicity of the given sequence.

o (i)

(c) {e_kkg};io
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12 The Integral Test

For each of the following series, determine if the series converges or diverges. You must use a test
or a well-known series (i.e. geometric or telescoping) to prove convergence AND divergence. If the
series is geometric or telescoping, find the value to which the series converges.

— 1
LY & CONVERGES / DIVERGES.
k=1

Proof

CONVERGES / DIVERGES.

T
I

NE
S

Proof
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CONVERGES / DIVERGES.

i
I

.
=
o
o
=

T CONVERGES / DIVERGES.

i
_
—
=
—~
ot
SN—
Bl

Proof
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5. % ket CONVERGES / DIVERGES.

Proof

6.3 CONVERGES / DIVERGES.
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7. Which of the following is NOT a condition for applying the integral test to the sequence {a},,
where a, = f(k).
f(k) is everywhere positive
IT. f(k) is eventually monotonically decreasing
. f(k) is eventually always continuous

. T only

T

. 1 & II only

. 1 & III only
F. II & IIT only
G. LI & 1T

(

(k

A

B. II only
C

D

E

8. Which of the following statements is false?

Z — converges if p > 1 and diverges otherwise.
B. If a; and f(k) satisfy the requirements of the Integral Test, and if / f(k)dk con-
1
verges, then Zak = / f(k)dk
k=1 1
C Z; converges if p > 1
2k (kY s ip =t

D. The integral test does not apply to divergent sequences.

9. Which of the following sequences DO NOT meet the conditions of the Integral Test?

L {k(sin(k) + 1)}, I1. {kpip}k L {k—\l/E}k

I only

IT only

1T only

I & IT only

I & IIT only
IT & IIT only
LI, & 11

All of these sequences meet the conditions for applying the integral test.

T QHE U aws
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13 The Comparison Tests

1. For each of the following, determine if the series converges or diverges, then use the direct
comparison test to prove your answer.

1
(a) Zm CONVERGES / DIVERGES.
k=1

Proof

) S — CONVERGES / DIVERGES.
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(0 3 Lresl?) CONVERGES / DIVERGES.

(d) i C +‘1)! CONVERGES / DIVERGES.

Proof
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2. For each of the following, determine if the series converges or diverges, then use the limit
comparison test to prove your answer.

() S =2 CONVERGES / DIVERGES,
=
Proof

=
NE
B

CONVERGES / DIVERGES.

3
Il
—

Proof
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(c) i—' CONVERGES / DIVERGES.

Proof

e 5
@3y CONVERGES / DIVERGES,

Proof
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14 The Ratio and Root Tests

1. For each of the following, use the ratio test to determine if the series converges or diverges.

(a) Z% CONVERGES / DIVERGES,
k=1~
Proof

) S (ninw CONVERGES / DIVERGES.
n=1 :
Proof
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(c) Y ki2* CONVERGES / DIVERGES.
k=0

Proof

(d) i(’d)z CONVERGES / DIVERGES.

Proof
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2. For each of the following, use the root test to determine if the series converges or diverges.

()i 23\ CONVERGES / DIVERGES

A VY :
Proof

(b) <1+%) CONVERGES / DIVERGES,
n=1
Proof
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(c) i( n )Bn CONVERGES / DIVERGES.

5k

CONVERGES / DIVERGES.

(d) Z(W—Q

k=1

Proof
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15 Alternating Series Test

1. For each of the following, determine if the series converges absolutely, conditionally, or diverges.

(a) gélzfl ABs. / CoND. / DIVERGES.
Proof

(b) 3 ((—1)”(31n)n) ABs. / COND. / DIVERGES.
Proof
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@Y ABS. / COND. / DIVERGES.

(d) 3 ((_1)k+lﬂ> ABs. / COND. / DIVERGES.
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() OOO ((—1)k (%)) ABs. / COND. / DIVERGES.

Proof

o

(1) Z<_1)n ABS. / COND. / DIVERGES.

n=1

Proof
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(8) i(_l)nH ABs. / ConD. / DIVERGES.

Proof
o) k
(h) <_2k+c‘;:$’“1+1)”)) ABS. / COND. / DIVERGES.
k=0
Proof
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16 Convergence Test Review

1. Give an example of a series that satisfies the given criteria.

(a) A series that is absolutely convergent.

(b) A series that is conditionally convergent.

(c) A series that is divergent, but the limit of the summand goes to zero.

(d) An alternating series that DOES NOT contain (—1)*. [Hint: think about your trigono-
metric functions. |

Xk
2. Explain why the series Z - is divergent.
k=1
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3. Indicate if the given series converges or diverges by circling your choice. You must provide
proof of your claim by correctly using one of the series tests.

W) >

k=1

Proof

CONVERGES / DIVERGES.

G
WE
=S

=
Il
—

Proof

CONVERGES / DIVERGES.

CONVERGES / DIVERGES.
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CONVERGES / DIVERGES.

(e) Z (—2]{6”“2)

k=1

Proof

CONVERGES / DIVERGES.

CONVERGES / DIVERGES.

2019 Summer MAT 272 Calculus II Labs

Page 69 of 70



4. Indicate if the given series converges absolutely, converges conditionally, or diverges. Prove
your claim.

X (_9\k
(a) Z( 2 ABSOLUTELY / CONDITIONALLY / DIVERGES.

k
k:11—|—3

Proof

(b) 3 ((-1)’4 vk )ABSOLUTELY / CONDITIONALLY / DIVERGES.
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