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Consider a mass-less rod that is balanced on a ful-
crum. If we place a block with mass m a distance of
2l to the right of the fulcrum, intuitively, the rod will
rotate clockwise. If we want to balance the rod, laws
of Physics tell us that we can place two blocks on the
left side, a distance l from the fulcrum.
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We need to find a way to quantify how much plac-
ing a weight on the rod makes the rod want to turn:
let’s borrow a concept from Physics and define the
moment of the arrangement of masses. By conven-
tion, we will say that the moment is positive if the
arrangement suggests a clockwise rotation, negative
if the arrangement suggests a counterclockwise rota-
tion, and zero if the rod (sometimes called a moment
arm) is balanced. Also, we will measure distances
from the origin, (the • on the diagram below).

In order to model real physical phenomena, we
define the moment:

M =
n∑

i=1
ximi (1)

where xi is the signed distance from the origin of mass
mi.

For example, consider the following diagram.
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Here the moment is

M =
2∑

i=0
ximi = (2l)(m) + (−l)(m) = ml,

which is positive. This is as we hoped, since the ar-
rangement of masses would intuitively rotate to the
right around the origin.

If we have an arrangement of blocks with moment
M and total mass A, and we are interested in finding
where to place the fulcrum to balance the rod, we
want the center of mass, which is defined to be the
location x that satisfies the equality:

xA = M. (2)

In other words, if we calculate the moment of the ar-
rangement of masses that consists solely of the system
mass A at location x, it would be equal to the mo-
ment of the original system. Another interpretation
of the center of mass is the weighted average location
of all of the masses. That is, every mass has more
influence on the average location if it is heavier. This
form of equation 2 makes this clear:

x = M

A
= 1

A

n∑
i=0

ximi. (3)

Returning to our two-mass example, we can cal-
culate

x = (2l)(m) + (−l)(m)
2m

= l

2 ,

which should make sense since l
2 to the right of the

origin is exactly between the two masses.
This method is interesting in a discrete system

with finitely many masses, but we can use integrals
to transition this same idea to continuous systems!

Suppose we are given two plotted functions f and
g that enclose an area (mass distribution) A in the
plane, and we wish to find the center of mass along
the x-axis.

1



As is illustrated in the figure, we can divide the
mass area into infinitesimal slices between the end-
points a and b, and sum them up. As before, each
term is weighted with the signed distance along the
moment arm (x − axis) to the origin x, and has the
infinitesimal area (“mass”)

(f(x) − g(x))︸ ︷︷ ︸
height

dx︸︷︷︸
width

.

The following equation is the continuous analog of
equation 3:

x = 1
A

∫ x=b

x=a

x(f(x) − g(x)) dx. (4)

If you are interested in finding x for the area under a
function, then g(x) = 0, so

x = 1
A

∫ x=b

x=a

xf(x) dx. (5)

So far, we have only been considering a moment arm
on the x-axis, but if we want to find the y coordinate
of the center of mass, we can use the same form, but
instead of summing over slices along the x-axis, we
integrate over the y-axis between end points y = c
and y = d:

y = 1
A

∫ y=d

y=c

y(p(y) − q(y)) dy. (6)

See the figure below for a visual:

Keep in mind that p and q are functions in terms
of a y variable. If it is difficult to express a function
in terms of its y variable, you can still find y, but you
have to be a bit more clever! Here is how:

Remember that when finding x, we wanted to sum
all of the infinitesimal areas along the x-axis moment
arm and we only cared about the signed distance of
the area slice to the y-axis. So, analogously, when
finding y, we care that each slice of area that we sum
be weighted with the signed distance to the x-axis.

We can keep the slices from the x sum, we just
have to notice that the signed distance on the y-axis
moment arm (from the x-axis) is

y = f(x) + g(x)
2 ,

the midpoint between the ‘top’ and ‘bottom’ func-
tions. In other words, the midpoint of the area slice
is where the mass from the slice is applied to the y-
axis moment arm. See the figure below for a visual.

That means that we can write an integral to find
y without an integration along the y-axis!

y = 1
A

∫ x=b

x=a

f(x) + g(x)
2 (f(x) − g(x)) dx. (7)

If you are interested in finding y for the area under
a function, then g(x) = 0, so

y = 1
A

∫ x=b

x=a

f(x)2

2 dx. (8)

The point (x, y) is called the centroid of a fig-
ure in the plane, and is the point on which the figure
could balance perfectly along both moment arms.

It is important to know where these formulas
come from, as opposed to simply memorizing them.
A fundamental part of problem solving is understand-
ing the system you are working in, and being com-
fortable with adapting methods to fit your needs.
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